
J
H
E
P
0
8
(
2
0
0
6
)
0
6
0

Published by Institute of Physics Publishing for SISSA

Received: July 19, 2006

Revised: July 27, 2006

Accepted: July 27, 2006

Published: August 25, 2006

Massive domain wall fermions on four-dimensional

anisotropic lattices∗

Xu Feng, Xin Li, Wei Liu and Chuan Liu

School of Physics, Peking University

Beijing, 100871, P.R. China

E-mail: pkuFengXu@pku.edu.cn, cha.li@eyou.com, liuweibigmicro@yahoo.com.cn,

liuchuan@pku.edu.cn

Abstract: We formulate the massive domain wall fermions on anisotropic lattices. For

the massive domain wall fermion, we find that the dispersion relation assumes the usual

form in the low momentum region when the bare parameters are properly tuned. The

quark self-energy and the quark field renormalization constants are calculated to one-loop

in bare lattice perturbation theory. For light domain wall fermions, we verified that the

chiral mode is stable against quantum fluctuations on anisotropic lattices. This calculation

serves as a guidance for the tuning of the parameters in the quark action in future numerical

simulations.

Keywords: Lattice QCD, Lattice Quantum Field Theory, Lattice Gauge Field Theories.

∗This work is supported by the Key Project of National Natural Science Foundation of China (NSFC)

under grant No. 10235040, No. 10421003, and supported by the Trans-century fund and the Key Grant

Project of Chinese Ministry of Education (No. 305001).

c© SISSA 2006 http://jhep.sissa.it/archive/papers/jhep082006060/jhep082006060.pdf

mailto:pkuFengXu@pku.edu.cn
mailto:cha.li@eyou.com
mailto:liuweibigmicro@yahoo.com.cn
mailto:liuchuan@pku.edu.cn
http://jhep.sissa.it/stdsearch


J
H
E
P
0
8
(
2
0
0
6
)
0
6
0

Contents

1. Introduction 1

2. Lattice action for domain wall fermions on anisotropic lattices 3

3. Free domain wall fermion propagator on anisotropic lattices 3

3.1 The free propagator 4

3.2 Dispersion relation of free domain wall fermions 6

4. Fermion propagator to one-loop 8

4.1 Feynman rules 8

4.2 Fermion self-energy 9

4.3 Wave-function and mass renormalization of the chiral mode 11

5. Numerical results for the one-loop calculation 16

5.1 Wave function renormalization for the domain wall fermion 16

5.2 Mass renormalization for the domain wall fermion 18

5.3 Mass shift for the parameter M5 in mean-field theory 19

6. Conclusions 23

A. Dispersion relation of free domain wall fermions 25

B. Some explicit formulae for loop integrals 28

1. Introduction

In recent years, considerable progress has been made in understanding chiral symmetry on

the lattice. Domain wall fermions [1, 2] and the overlap fermions [3 – 6] have emerged as

two new candidates in the formulation of lattice fermions which have much better chiral

properties than the conventional lattice Wilson or staggered fermions. Since chiral symme-

try is so crucial to the theory of QCD, it is therefore desirable to use these new fermions

if possible. However, due to their more expensive computational cost, this task has not

been fully accomplished, particularly for the study of multi-hadron states and hadrons with

massive quarks.

On the other hand, anisotropic lattices have been used to study heavy hadronic states

and they proved to be extremely helpful in various applications. These include: glueball

spectrum calculations [7, 8], charmonium spectrum calculations [9, 10], charmed meson
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and charmed baryon calculations [11, 12] and hadron-hadron scattering calculations [13 –

16]. Many of these studies in fact involve light quarks and chiral symmetry plays an

essential role. It is therefore more appropriate to study the light quarks using lattice

fermions with better chiral properties. Using domain wall fermions with the physical

four-dimensional lattice being isotropic, the heavy-light systems [17] and hadron-hadron

scattering [18] have been studied. As we pointed out, anisotropic lattices can be very

helpful in these studies. It is therefore desirable to study domain wall fermions with the

four-dimensional physical lattice being anisotropic and this will be the major purpose of

this paper. Major possible applications of the anisotropic domain wall fermion approach

that we have in mind are the heavy-light hadrons, exotic hadrons with light quarks and

hadron-hadron scattering processes where the objects being studied are heavy and chiral

property is crucial.

In this paper, we study an explicit formulation of domain wall fermions on anisotropic

four-dimensional lattices. We adopt the domain wall fermion action which is of Shamir

type [2]. For the gauge action, we use the tadpole improved gauge actions [19, 7] which have

been used in glueball calculations. Similar to the case of Wilson fermions on anisotropic

lattices, domain wall fermion action on anisotropic lattices contains more parameters than

its isotropic counterparts. Some of these parameters have to be tuned properly in order

to exhibit a correct continuum limit. This problem is first analyzed in the case of free

domain wall fermions on anisotropic lattices. We find that, in order to restore the nor-

mal relativistic dispersion relation for the quark, parameters of the fermion action has to

be tuned accordingly. Then, we compute the quark propagator in lattice perturbation

theory to one-loop. Quark field and quark mass renormalization constants are obtained

for various values of the bare parameters. We also discuss the choice of the parame-

ters which maintains good chiral symmetry. This perturbative calculation serves as a

guidance for further non-perturbative Monte Carlo simulations which are currently under

investigation [20]. Similar perturbative calculations have been performed in the case of

isotropic lattice [21, 22]. The calculation in this paper is an extension to the anisotropic

lattice.

This paper is organized as follows. In section 2, domain wall fermion action on

anisotropic lattices is given. In section 3, the free domain wall fermion propagator on

anisotropic lattices is derived. We also study the dispersion relation of the free domain

wall fermion on anisotropic lattices. It turns out that even in the free case, hopping param-

eters of the fermion action have to be tuned properly, according to the value of the quark

mass, so as to have the correct continuum limit for the quark. In section 4, the strategies

for the calculations of fermion self-energy to one-loop are outlined. In section 5, numerical

results for the one-loop calculation are presented for various bare parameters. The renor-

malization factors for the quark field and the current quark mass are given. We also discuss

the renormalization of parameter M5 within tadpole and mean-field approximation. This

parameter has to be tuned to the right range in order to maintain chiral properties of the

fermion. In section 6, we will conclude with some remarks and outlook. Dispersion relation

of the free domain wall fermion is discussed in appendix A. Some explicit formulae for the

one-loop calculations are listed in appendix B.
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2. Lattice action for domain wall fermions on anisotropic lattices

The lattice gauge action used in this study is the tadpole improved action on anisotropic

lattices: [19, 7]

S = − β
∑

i>j

[
5

9

TrPij

χu4
s

−
1

36

TrRij

χu6
s

−
1

36

TrRji

χu6
s

]

− β
∑

i

[
4

9

χTrP0i

u2
s

−
1

36

χTrRi0

u4
s

]
, (2.1)

where P0i and Pij represents the usual temporal and spatial plaquette variable, respectively.

Rij and Ri0 designates the 2 × 1 spatial and temporal Wilson loops, where, in order to

eliminate the spurious states, we have restricted the coupling of fields in the temporal

direction to be within one lattice spacing. The parameter us, which is usually taken to

be the fourth root of the average spatial plaquette value in the simulation, implements

the tadpole improvement. Using this gauge action, glueball and hadron spectra have been

studied within quenched approximation [19, 7, 8, 23 – 26].

For the fermion action, we adopt Shamir type domain wall fermions [2]. The five-

dimensional fermion and anti-fermion field is denoted as ψx,s and ψ̄x,s, respectively. The

fermion lattice action we studied is given by:

Sf = S′
f + Sm ,

S′
f = −

∑

x,s

(1 + 3κs + κt − M5)ψ̄x,sψx,s

+
∑

x,s

[
ψ̄x,sPRψx,s+1 + ψ̄x,sPLψx,s−1

]

+
1

2

∑

x,s,µ

κµψ̄x,s

[
(1 + γµ)Uµ(x)ψx+µ̂,s + (1 − γµ)U †

µ(x − µ̂)ψx−µ̂,s

]
,

Sm = −m
∑

x

[
ψ̄x,0PLψx,Ls−1 + ψ̄x,Ls−1PRψx,0

]
, (2.2)

We will also use the notation κ0 = κt, κi = κs. The left and right-handed projectors are:

PL/R = (1 ∓ γ5)/2. For definiteness, we take the extension in the fifth dimension to be

Ls and the coordinate of the fifth dimension is labelled such that 0 ≤ s ≤ Ls − 1. Thus,

our domain wall fermion action is characterized by four parameters: five-dimensional mass

(wall height) parameter M5, temporal hopping parameter κt, spatial hopping parameter

κs and current quark mass parameter m. 1.

3. Free domain wall fermion propagator on anisotropic lattices

In this section, we will briefly review the results for the free propagator of the domain

wall fermions on anisotropic lattices. Free domain wall fermion propagator on an isotropic

1Note that there is also an additional hidden parameter in the theory, namely the extent of the fifth

dimension: Ls
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lattice has been discussed in the literature [2, 27, 21, 22]. Our notations follow those

in [2, 22] and we have made modifications to the anisotropic lattice where necessary. We

have also tried to keep all relevant mass terms (bare quark mass m and the residual mass

mr) in the free domain wall propagator. This is useful in practice since we would like to

apply the anisotropic lattice formalism to massive quarks (charm) and the extension in the

fifth dimension is usually not very large in practical simulations.

3.1 The free propagator

After performing the four-dimensional Fourier transform, the free domain wall fermion

matrix appearing in action (2.2) is given by:

D
(0)
ss′ (p) = [−b(p) + ip̃/ ] δss′ +

[
PRδs+1,s′ + PLδs−1,s′

]

− m
(
PLδs,0δs′,Ls−1 + PRδs′,0δs,Ls−1

)
, (3.1)

=
[
ip̃/ + W+(p)

]
PR +

[
ip̃/ + W−(p)

]
PL (3.2)

where the function b(p) and the notation p̃/ are defined as:

b(p) = 1 − M5 +
∑

µ

κµ(1 − cos pµ) ,

p̃/ =
∑

µ

γµp̃µ , p̃µ = κµ sin pµ . (3.3)

The matrices W±(p) appearing in eq. (3.2) are defined as:

[W+(p)]†ss′ ≡
[
W−(p)

]
ss′

= −b(p)δss′ − mδLs−1,s′δs,0 + δs−1,s′ . (3.4)

With this notation, one easily works out the second order operator Ω(0)(p) which is defined

as:

Ω(0)(p) ≡ D(0)(p) ·
[
D(0)(p)

]†
= Ω

(0)
L (p)PL + Ω

(0)
R (p)PR ,

= p̃2 + W+W−PR + W−W+PL . (3.5)

Note that the operators Ω
(0)
L/R(p) = p̃2 + W∓W± have trivial Dirac structure and they are

related to each other by:

[
Ω

(0)
L (p)

]
s,s′

=
[
Ω

(0)
R (p)

]
Ls−s−1,Ls−s′−1

. (3.6)

The matrices W−W+ and W+W− are referred to as the mass matrices for the right and

left-handed fermions, respectively. Free fermion propagator is then expressed in terms of

the inverse of the second order operators as:

SF (p) ≡
[
D(0)(p)]

]−1
=

[
D(0)(p)

]†
·
[
Ω(0)(p)

]−1
,

=
[
−ip̃/ + W−(p)

]
PRG

(0)
R +

[
−ip̃/ + W+(p)

]
PLG

(0)
L , (3.7)
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where we have used the notation:

G
(0)
L/R(p) =

[
Ω

(0)
L/R(p)

]−1
. (3.8)

The explicit results for G
(0)
R (p) and G

(0)
L (p) are found to be:

[
G

(0)
R (p)

]
s,s′

=
[
G(∞)(p)

]
s,s′

+ A+e−αG(s+s′) + A−e−αG(2Ls−2−s−s′)

+ Am(e−αG(Ls−1+s−s′) + e−αG(Ls−1+s′−s)) ,[
G

(0)
L (p)

]
s,s′

=
[
G(∞)(p)

]
s,s′

+ A−e−αG(s+s′) + A+e−αG(2Ls−2−s−s′)

+ Am(e−αG(Ls−1+s−s′) + e−αG(Ls−1+s′−s)) , (3.9)

where
[
G(∞)(p)

]
s,s′

is the corresponding Green’s function for infinite fifth dimension, i.e.

when the boundaries are absent. The other coefficients in this equation are all functions

of the four-momentum p, the boundary mass parameter m and the extension of the fifth

dimension Ls. The explicit formulae are:
[
G(∞)(p)

]
s,s′

= Be−αG|s−s′| , B =
1

2b sinh αG
,

A± = ∆−1B(1 − m2)(e∓αG − b) ,

Am = −∆−1m + ∆−1Bmr

(
be−αG − 1 + m2(1 − beαG)

)
,

∆ = e2αG(b − e−αG)
(
1 + m2m2

r

)
+

(
m2 + m2

r

)
(eαG − b)

+ 2mmrb(e
2αG − 1) . (3.10)

Here the (momentum-dependent) parameters αG and mr are defined as:

cosh αG(p) ≡
1 + b2(p) +

∑
µ κ2

µ sin2 pµ

2b(p)
, mr = e−αGLs , (3.11)

In the perturbative calculation of fermion propagator, it is useful to choose a basis such

that the mass matrix of the free fermion propagator is diagonal [22] in the fifth dimension.

In other words, one seeks for unitary matrices U (0) and V(0) such that:
[
U (0)W−W+U (0)†

]
ss′

= (M2
0 )sδss′ ,

[
V(0)W+W−V(0)†

]
ss′

= (M2
0 )sδss′ , (3.12)

where (M2
0 )s for s = 0, 1, . . . , Ls − 1 are the corresponding eigenvalues. 2 Note that due to

the symmetry relation (3.6), the spectrum of W−W+ and W+W− are identical. However,

the unitary transformation matrix U (0) is not the same as V(0), instead, they are related

by:

V
(0)
ss′ = U

(0)
s,Ls−1−s′ . (3.13)

The unitary transformation matrices U (0) and V(0) are obtained by finding all linearly

independent eigen-modes corresponding to all possible eigenvalues (M2
0 )s in eq. (3.12). The

properties of these eigen-modes can be easily obtained from corresponding formulae in the

isotropic case [21, 22]. This set of basis is also useful when we discuss the renormalization

factors of the chiral mode.

2The suffix 0 in (M2

0 )s stands for free theory.
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Figure 1: The pole mass of the free domain wall quark, mQ, measured in 1/as unit as a function

of the propagator bare mass parameter mP = (1−b(0)2)(m+mr) for three values of the anisotropy

parameter χ. Three curves corresponds to χ = 1, 3 and 5, respectively. We have set κs = 1,

M5 = 0.5 and Ls = 8 in this plot.

3.2 Dispersion relation of free domain wall fermions

By inspecting the low-momentum behavior of the free domain wall fermion propagator, one

verifies that there exists a left-handed and a right-handed chiral pole in the corresponding

fermion propagator near the two domain walls at s = 0 and s = Ls − 1, respectively.

These chiral poles reflect the existence of the corresponding chiral mode bounded at these

walls [2], as can be easily verified by solving the corresponding Dirac equation for D(0)(p).

The only complication that arises in the case of anisotropic lattice is that, in order to

restore rotational symmetry for small lattice momenta, one has a relation among χ, κt and

κs when other parameters (e.g. M5, m and Ls) are fixed. In the massless limit, i.e. both m

and mr being zero, this relation simplifies to: χ = κt/κs. For massive fermions, however,

the relation is quite complicated and we refer the reader to appendix A for the explicit

formulae (c.f. eq. (A.5) and eq. (A.9)). Here, we will only outline the strategy to derive

this relation and show some general features of it in figures.

To obtain the dispersion relation for the free domain wall fermion, one searches for

the pole of the free domain wall fermion propagator. The position of the pole in terms of

four-momentum pµ is given by: pµ = (iEp,p). This then gives the dispersion relation of

the fermion: Ep as a function of the three-momentum p. The pole mass of the fermion is

– 6 –
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Figure 2: With the same set of parameters as figure 1, the value of κt/χ is shown as a function of

the pole mass mQ for χ = 1, 3 and 5. It is seen that in the massless limit, the expected relation:

χ = κt/κs is recovered for all χ.

identified as: mQ ≡ Ep=0 = E0.

In figure 1, we have illustrated the pole mass of the massive quark mQ (measured in

1/as unit) as a function of the bare propagator mass parameter mP defined as:

mP ≡ (1 − b(0)2)(m + mr) , (3.14)

for three values of anisotropy χ, namely χ = 1, 3 and 5, respectively. Note that the residue

mass is given by mr = e−αG(imQ ,0,0,0)Ls , as explained in the appendix. The other relevant

parameters in this plot are chosen as: κs = 1, M5 = 0.5 and Ls = 8. It is seen that

the pole mass mQ basically depends on mP linearly for mP values not too large. The

nonlinearity only sets in for large bare quark mass values. Also, the dependence of mQ on

mP saturates quickly for anisotropy larger than unity. For example, the difference between

the case χ = 3 and χ = 5 is barely visible.

The dispersion relation for the free domain wall fermion is quite complicated. However,

for small three lattice momenta: as|p| ¿ 1, one finds that:

Ep = mQ +
p2

2Mkin
+ O(p4) , (3.15)

where Mkin is the so-called kinetic mass of the quark. To recover normal relativistic dis-

persion relation for small three lattice momenta, one requires: mQ = Mkin which yields a

– 7 –
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relation among the pole mass and the other parameters in the theory (see appendix A for

the explicit formulae). For the same set of bare parameters as in figure 1, we have shown

the values of κt/χ as a function of the pole mass mQ (measured in 1/as unit) in figure 2.

Note that in a quenched calculation, the anisotropy parameter χ is in fact fixed by the pure

gauge sector. Therefore, once the pole mass of the quark (or equivalently the propagator

mass mP ) and other bare parameters are fixed, one has to tune κt in such a way that the

dispersion relation of the fermion resembles the continuum form in the small as|p| region.

Basically one utilizes the relation shown in Fig 2 to find out the appropriate value of κt

for a give value of mQ. Of course, for vanishing mQ, one recovers the expected relation:

χ = κt/κs.

4. Fermion propagator to one-loop

In this section, we outline the basic strategies to calculate the domain wall fermion propa-

gator to one-loop. Numerical results will be provided in the next section. To simplify the

presentation here, some explicit formulae for the loop integrals are provided in appendix B.

4.1 Feynman rules

First of all, one needs the free propagator of the lattice gauge fields [28]. This is obtained

by expressing the pure-gauge action (2.1) (with the tadpole improvement factor us set to

unity) into the gauge potential Aµ(x). One also needs to fix to a particular gauge. We

adopt the following gauge-fixing action:

Sgf =
1

2αg

1

χ

∑

x


χ2∂t(atAt) +

∑

j

∂j(asAj)




2

, (4.1)

where αg is the gauge-fixing parameter. The gauge field measure action and the Fadeev-

Popov ghost action do not enter our one-loop calculation.

After performing Fourier transformation of the gauge fields, the quadratic part of the

gauge action then has the standard form in momentum space:

S(0)
g [Aµ] =

1

2

∑

µν

∫ π

−π

d4l

(2π)4
(
Āµ(l)Mµν(l) Āν(−l)

)
, (4.2)

where

M00 = χ


χ2

αg
l̂20 +

∑

j

l̂2j q0j


 (4.3)

Mjj =
1

χ


 1

αg
l̂2j + χ2 l̂20 q0j +

∑

j′ 6=j

l̂2j′ qj′j


 (4.4)

Mi6=j =
1

χ

[
1

αg
l̂iĵj − l̂i l̂j qij

]
(4.5)

M0j = Mj0 = χ

[
1

αg
l̂0l̂j − l̂0l̂j q0j

]
(4.6)
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with lattice momentum defined as: l̂µ ≡ 2 sin(
lµ
2 ). The quantities qµν appearing in the

above equations are given by:

qij = 1 +
1

12
(l̂2i + l̂2j ) i 6= j , q0j = 1 +

1

12
l̂2j . (4.7)

Using these notations, the free gauge field propagator is expressed as:

Dµν(l) = M−1
µν =

1

(l̂2)2

[
αg l̂µ l̂νχ +

fµν(l̂ρ, qρσ, χ)

fD(l̂ρ, qρσ, χ)

]
, (4.8)

For simplicity, we set αg = 1 in the following calculation. The explicit expressions for fµν

and fD maybe found in the literature [28].

The vertex functions can be obtained from the corresponding expression in the isotropic

lattice case, which was given in ref. [22]. After making necessary modifications to the case

of anisotropic lattice, we have for the one gluon emission vertex:

V1(k, p, l; a, µ) = −igT aκµ

[
γµ cos

1

2
(pµ − kµ) + i sin

1

2
(pµ − kµ)

]
, (4.9)

where k, p and l = −(k + p) are the momenta for the anti-quark, quark and the gluon

field, respectively; a and µ representing the color and Lorentz index of the gluon. The

anti-quark, quark and two-gluon vertex is given by:

V2(k, p, l1, l2; a, b, µ, ν) =
g2

2

κµ

2
{T a, T b}

[
iγµ sin

1

2
(pµ − kµ)

+ cos
1

2
(pµ − kµ)

]
δµν , (4.10)

where k, p, l1 and l2 are the momenta for anti-quark, quark and the two gluon fields with

the energy-momentum conservation constraint: k + p + l1 + l2 = 0. µ, ν, a and b are the

Lorentz and color indices for the two gluons. Expressions for other vertices will not be

needed in our one-loop calculation.

4.2 Fermion self-energy

To one-loop order, two Feynman diagrams contribute to fermion self-energy: the tadpole

diagram and the half-circle diagram. Thus, the 1PI fermion 2-point vertex function reads:

V
(2)
1−loop(p)s,s′ =

[
i
∑

µ

κµγµ sin pµ + W+(p)PR + W−(p)PL − Σ(p)

]

s,s′

(4.11)

where the fermion self-energy Σ(p) receives contributions from the tadpole and the half-

circle diagrams, respectively:

Σ(p) = Σtadpole(p) + Σhalf−circle(p). (4.12)

– 9 –
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Using the Feynman rules given in the previous section, the contribution from the

tadpole diagram can be written as:

Σtadpole(p) =
1

2
g2CF

∑

µ

κµ(iγµ sin pµ + cos pµ)

×

∫ π

−π

d4l

(2π)4
1

(χ2 l̂20 +
∑

j l̂2j )
2
(l̂2µχ +

fµµ

fD
)δs,s′ ,

= −

[
∑

µ

iγµp̃µItad,µ(s, s′) + Mtad(s, s′)

]
(4.13)

where the explicit expressions for Itad,µ(s, s′) and Mtad(s, s′) are given by eq. (B.1) in

appendix B. Note that both Itad,µ(s, s′) and Mtad(s, s′) are independent of the quark

mass explicitly. They are diagonal in the fifth dimensional index and can be computed by

numerical integration.

For the half circle diagram, the contribution can be written as:

Σhalf−circle
s,s′ (p) =

∫ π

−π

d4l

(2π)4

∑

µ

(−g2CF )κ2
µ

{
γµ cos(

l + p

2
)µ + i sin(

l + p

2
)µ

}

× SF (l)s,s′ ×

{
γµ cos(

l + p

2
)µ + i sin(

l + p

2
)µ

}

×

{
1

(χ2(p̂0 − l0)2 +
∑

j(p̂j − lj)2)2

[
χ(p̂µ − lµ)2 +

fµµ

fD

]}
. (4.14)

Note that although Σtadpole(p) is proportional to the unit matrix in the fifth dimensional

space, Σhalf−circle
s,s′ (p) is non-trivial due to the fermion propagator SF (l)ss′ which is given by

eq. (3.7) in the previous section. To simplify our one-loop calculation, we have neglected

the effects caused by the finite extension of the fifth dimension in the following calculation,

i.e. we have set: mr = e−αGLs ' 0 in the quark propagator SF (l)ss′ . However, in order to

study the quark mass effects, we have kept the bare quark mass parameter m non-zero.

The calculation of Σhalf−circle
s,s′ (p) is somewhat different in the massive and the massless

cases. If the fermion is massless, it is well-known that Σhalf−circle
s,s′ (p) contains infra-red

divergences [28, 22]. If the fermion is massive, no infra-red divergence shows up in this

contribution. In the massive fermion case, since there is no infra-red divergence, the ex-

pression given in eq. (4.14) can be evaluated directly by numerical integration methods.

In the massless case, however, the infra-red divergent part (which can be computed an-

alytically) has to be subtracted from the self-energy contribution Σhalf−circle
s,s′ (p) before it

can be evaluated numerically. For the physical quantities in the massive fermion case, we

denote them as f(m). For the same quantity in the massless case, we denote the subtracted

expression as:

ffinite = f(m = 0) − flog , (4.15)

where f represents some physical quantity and flog contains the logarithmical infra-red

divergent part to be removed from f(m = 0). Usually, flog is taken to be the corresponding
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infra-red divergent contribution in the continuum which can be computed analytically.

After the subtraction of infra-red divergent part, ffinite is free of infra-red divergences and

can be evaluated numerically.

For the half-circle contribution in the massive case, we obtain:

Σhalf−circle
s,s′ (m) = −i

∑

µ

γµp̃µ

(
[I+

µ (m)]s,s′PR + [I−µ (m)]s,s′PL

)

−
(
[M+(m)]s,s′PR + [M−(m)]s,s′PL

)
. (4.16)

In the massless case, after separating the infra-red divergent part, the half-circle contribu-

tion are obtained as:

Σhalf−circle
s,s′ = −i

∑

µ

γµp̃µ

[(
I+
finite,µ(s, s′) + I+

log,µ(s, s′)
)

PR

+
(
I−finite,µ(s, s′) + I−log,µ(s, s′)

)
PL

]

−
[(

M+
finite(s, s

′) + M+
log(s, s

′)
)

PR

+ (
(
M−

finite(s, s
′) + M−

log(s, s
′)
)

PL

]
(4.17)

where explicit formulae for the quantities appearing in the above formulae can be found in

appendix B.

Combining the tadpole and the half-circle contributions, we may express the effective

action of the domain wall fermion as:

Γ(2) = ψ̄(−p)s

[
∑

µ

iγµp̃µ

(
Z+

µ PR + Z−
µ PL

)
+ W

+
PR + W

−
PL

]

s,s′

ψ(p)′s (4.18)

where the matrices Z±
µ and W̄± are given by:

Z±
µ (s, s′) = δs,s′ + Itad,µ(s, s′) + [I±µ (m)]s,s′ ,

W
±
(s, s′) = W±(0)(s, s′) + Mtad(s, s′) + [M±(m)]s,s′ . (4.19)

in the massive case. The quantities [I±µ (m)]s,s′ and [M±(m)]s,s′ are replaced by the sum

of a finite part and an infra-red divergent part in the massless case:

Z±
µ (s, s′) = δs,s′ + Itad,µ(s, s′) + I±log,µ(s, s′) + I±finite,µ(s, s′) ,

W
±
(s, s′) = W±(0)(s, s′) + Mtad(s, s′) + M±

log(s, s
′) + M±

finite(s, s
′) . (4.20)

The explicit formulae for the tadpole contributions Itad,µ(s, s′), Mtad(s, s′) and the half-

circle contributions [I±µ (m)]s,s′ , [M±(m)]s,s′ M±
log(s, s

′), M±
finite(s, s

′), I±log,µ(s, s′), I±finite,µ(s,

s′) can be found in appendix B.

4.3 Wave-function and mass renormalization of the chiral mode

We are concerned with the renormalization of the chiral modes which are bound to the

walls. To obtain this information, it is better to use a new basis, ψd(p), which diagonalizes

the mass matrices W
±

in eq. (4.19). This new basis is related to the old one via:

ψd
s (p) = Us,s′PRψs′(p) + Vs,s′PLψs′(p), (4.21)

– 11 –



J
H
E
P
0
8
(
2
0
0
6
)
0
6
0

where the two unitary matrices U and V satisfy
[
UW

−
W

+
U†

]
s,s′

= M2
s δs,s′ ,

[
VW

+
W

−
V†

]
s,s′

= M2
s δs,s′ . (4.22)

Under this new basis, the effective action of the fermion becomes:

Γ(2) = ψ̄d(−p)s

[
∑

µ

iγµp̃µ

(
UZ+

µ U†PR + VZ−
µ V†PL

)

+ VW
+
U†PR + UW

−
V†PL

]

s,s′

ψd(p)s′ . (4.23)

The unitary matrices U , V and the corresponding eigenvalues (M2)s can be calculated to

1-loop level:

U = (1 + g2U (1))U (0) , V = (1 + g2V(1))V(0) , (4.24)

(M2)s = (M2
0 )s + g2(M2

1 )s . (4.25)

where tree-level matrices U0 and V0 are defined in eq. (3.12).

After diagonalization of the mass matrix, the effective action for the chiral mode field

ψd(p)Ls−1 = χ0(p) becomes:

χ̄0(−p)

[
∑

µ

iγµp̃µ

(
Z̃+,µPR + Z̃−,µPL

)
+ W̃+PR + W̃−PL

]
χ0(p) , (4.26)

where

Z̃±,µ = 1 + g2
(
Id
±,tad,µ + Id

±,µ(m)
)

Ls−1,Ls−1
, (4.27)

W̃± = −mP

[
1 + g2

(
Md

±,tad + Md
±(m)

)
Ls−1,Ls−1

]
. (4.28)

The above formulae work for the massive case. In the massless case, one has to modify

the right-hand side of eq. (4.27) and eq. (4.28) accordingly as specified by eq. (4.15). Note

that chiral symmetry ensures that the effective quark mass term is renormalized by a

multiplicative factor, i.e. there is no additive renormalization. The matrix elements of

various Id
µ and Md in the above expressions are given explicitly by:

g2Id
+,tad,µ = U (0)Itad,µU

(0)† , g2Id
−,tad,µ = V(0)Itad,µV

(0)† ,

g2Id
+,µ = U (0)I+

µ U (0)† , g2Id
−,µ = V(0)I−µ V(0)† ,

g2Id
+,log,µ = U (0)I+

log,µU
(0)† , g2Id

−,log,µ = V(0)I−log,µV
(0)† ,

g2Id
+,finite,µ = U (0)I+

finite,µU
(0)† , g2Id

−,finite,µ = V(0)I−finite,µV
(0)† . (4.29)

g2mP Md
+,tad = V(0)MtadU

(0)† , g2mP Md
−,tad = U (0)MtadV

(0)† ,

g2mP Md
+ = V(0)M+U (0)† , g2mP Md

− = U (0)M−V(0)† ,

g2mP Md
+,log = V(0)M+

logU
(0)† , g2mP Md

−,log = U (0)M−
logV

(0)† ,

g2mP Md
+,finite = V(0)M+

finiteU
(0)† , g2mP Md

−,finite = U (0)M−
finiteV

(0)† . (4.30)
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It is also easy to show that:

(Id
+,tad,µ)Ls−1,Ls−1 = (Id

−,tad,µ)Ls−1,Ls−1 ≡ Id
tad,µ ,

(Id
+,µ)Ls−1,Ls−1 = (Id

−,µ)Ls−1,Ls−1 ≡ Id
µ ,

(Id
+,log,µ)Ls−1,Ls−1 = (Id

−,log,µ)Ls−1,Ls−1 ≡ Id
log,µ ,

(Id
+,finite,µ)Ls−1,Ls−1 = (Id

−,finite,µ)Ls−1,Ls−1 ≡ Id
finite,µ ,

(Md
+,tad)Ls−1,Ls−1 = (Md

−,tad)Ls−1,Ls−1 ≡ Md
tad ,

(Md
+)Ls−1,Ls−1 = (Md

−)Ls−1,Ls−1 ≡ Md ,

(Md
+,log)Ls−1,Ls−1 = (Md

−,log)Ls−1,Ls−1 ≡ Md
log ,

(Md
+,finite)Ls−1,Ls−1 = (Md

−,finite)Ls−1,Ls−1 ≡ Md
finite , (4.31)

Thus one obtains: Z̃+,µ = Z̃−,µ ≡ Z̃µ and W̃+ = W̃− ≡ W̃ . Using the above notations, we

get for the wave-function and mass renormalization factors:

Z̃µ = 1 + g2
(
Id
tad,µ + Id

µ(m)
)

, (4.32)

W̃± = −mP

[
1 + g2

(
Md

tad + Md(m)
)]

, (4.33)

in the massive case and

Z̃µ = 1 + g2
(
Id
tad,µ + Id

log,µ + Id
finite,µ

)
, (4.34)

W̃± = −mP

[
1 + g2

(
Md

tad + Md
log + Md

finite

)]
, (4.35)

in the massless case.

The tadpole contributions Id
tad,µ and Md

tad can be obtained numerically by using the

definition (4.31) and the explicit expressions of Itad,µ(s, s′) and Mtad(s, s′) given in ap-

pendix B (c.f. eq. (B.1)). Using the definition of U (0) and V(0), we get:

Id
tad,µ = −CF

1

2

∫ π

−π

d4l

(2π)4
1

(χ2 l̂20 +
∑

j l̂2j )
2
(l̂2µχ +

fµµ

fD
) . (4.36)

and if we define M0
tad as

M0
tad = −CF

1

2

∫ π

−π

d4l

(2π)4

∑

µ

κµ

(χ2 l̂20 +
∑

j l̂2j )
2
(l̂2µχ +

fµµ

fD
) , (4.37)

we arrive at:

Md
tad = 2e−α/((1 − b2(0))(1 + m2e−2α))M0

tad , (4.38)

where the parameter α is exponential decaying rate for the chiral mode in the fifth dimen-

sion. Using these equations, numerical values of Id
tad,µ and Md

tad will be presented in the

next section.

We now proceed to evaluate the half-circle contributions: Id
µ and Md. If we use the

shorthand notation:

〈F 〉U ≡
∑

s,s′

(U (0))Ls−1,sF (s, s′)(U (0))Ls−1,s′

– 13 –
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and a similarly notation associated with V(0), we have:

〈GL〉U = B

[
sinh αG − sinhα

cosh αG − cosh α
− (1 − e−2α)

N1

D

]
= 〈GR〉V ≡ G̃L ,

〈GR〉U = B

[
sinh αG − sinhα

cosh αG − cosh α
− (1 − e−2α)

N2

D

]
= 〈GL〉V ≡ G̃R ,

〈W+
0 GL〉U = 〈W−

0 GR〉V = (e−α − b)G̃R + R0 + R1 ,

〈W+
0 GL〉V = 〈W−

0 GR〉U = (e−α − b)G̃R + R0 + R2 ,

where:

N1 = (1 − m2)(eαG − b) + (1 − m2)(e−αG − b)m2e−2α + 4bm2 sinhαGe−α

N2 = (1 − m2)(e−αG − b) + (1 − m2)(eαG − b)m2e−2α + 4bm2 sinhαGe−α

D = (1 + m2e−2α)
[
(e−αG − b) + m2(be−2αG − e−αG)

]
(eαG − e−α)2

R0 =
1 − e−2α

1 + m2e−2α

1

(1 − e−(α+αG))2

{
Bm2(1 − e−2αG)e−3α

− AmmeαG(e−αG + 2e−α − 2e−αGe−2α − e−3α)
}

R1 = −Amm
1 − e−2α

1 + m2e−2α

m2e−2α

1 − e−(α+αG)

R2 = −Amm
1 − e−2α

1 + m2e−2α

1

1 − e−(α+αG)

Using the above notations, after some algebra, Id
µ is found to be:

Id
µ(m) = CF

∫
d4l

(2π)4

{[
κµ

(
cos lµ((e−α − b)G̃R + R0 +

R1 + R2

2
)

+
1

2
κµ sin2 lµ(G̃L + G̃R)

)]
χl̂2µ + fµµ(l)

fD(l)

(χ2l̂20 +
∑

j l̂2j )
2

+

[(
κµ((e−α − b)G̃R + R0 +

R1 + R2

2
) − 2κ2

µ cos2 lµ/2G̃L

)

×

(
4(χ2)δµ0

χ2l̂20 +
∑

j l̂2j
(χl̂2µ +

fµµ(l)

fD(l)
) − 2χ −

fµ
µ (l)

fD(l)
+

fD
µ (l)fµµ(l)

f2
D(l)

)

− 2χκ2
µ

(
sin2 lµ/2G̃R + cos2 lµ/2G̃L

)

+
∑

ν

κ2
ν

(
sin2 lν/2G̃R + cos2 lν/2G̃L

)

×

(
4(χ2)δµ0

χ2l̂20 +
∑

j l̂2j
(χl̂2ν +

f νν(l)

fD(l)
) −

f ν
µ(l)

fD(l)
+

fD
µ (l)f νν(l)

f2
D(l)

)]

×
sin2 lµ

(χ2l̂20 +
∑

j l̂2j )
2

}
(4.39)
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In the massless case, what needs to be calculated numerically is the subtracted finite

part Id
finite,µ defined as:

Id
finite,µ = Id

µ(m = 0) − CF
(1 − b2(0))(1 − e−2α)

(1 − b(0)e−α)2

×

∫
d4l

(2π)4
4χ(χ2)δµ0 l2µθ(π2 − (χ2l20 +

∑
j l2j ))

(χ2l20 +
∑

j l2j )
3

. (4.40)

The infra-red divergent part that is subtracted from Id
µ(0) is denoted as Id

log,µ and can be

obtained analytically by using eq. (B.8) and the definition (4.31).

For the contribution Md, we have:

(V(0)0GLU
(0)†)Ls−1,Ls−1 = (U (0)GRV

(0)†)Ls−1,Ls−1 = G̃M
L ,

(V(0)GRU
(0)†)Ls−1,Ls−1 = (U (0)GRV

(0)†)Ls−1,Ls−1 = G̃M
R . (4.41)

One also verifies that:

G̃M
L = G̃M

R ≡ −mP G̃M

= −mP
(1 − e−2α)B

(1 − b2(0))(1 + m2e−2α)

[
2
1 + e−(αG+α)

1 − e−(αG+α)

e−α

1 − e−2α

+
∆−1

(1 − e−(αG+α))2

(
2e−α(1 − m2)(cosh αG − b) +

1 + m2e−2α

B

)]
. (4.42)

We also find:

(V(0)W+GLU
(0)†)Ls−1,Ls−1 = (U (0)W−GRV

(0)†)Ls−1,Ls−1

= −mP

(
(e−α − b)G̃M + RM

0 + RM
1

)
,

(V(0)W−GRU
(0)†)Ls−1,Ls−1 = (U (0)W+GLV

(0)†)Ls−1,Ls−1

= −mP

(
(e−α − b)G̃M + RM

0 + RM
2

)
,

(V(0)W+(0)U (0)†)Ls−1,Ls−1 = (U (0)W−(0)V(0)†)Ls−1,Ls−1

= −mP
1 − e−2α

(1 − b2(0))(1 + m2e−2α)

×

(
1 +

2e−α(e−α − b(0))

1 − e−2α

)
,

where

RM
0 =

(1 − e−2α)B∆−1

(1 − b2(0))(1 + m2e−2α)

e−α

(1 − e−(αG+α))2

× (1 − m2)
[
(e−αG − e−α)(eαG − b) + (eαG − e−α)(e−αG − b)

]

RM
1 =

1 − e−2α

(1 − b2(0))(1 + m2e−2α)

×

{
B

1 + 2e−(αG+α)

1 − e−(αG+α)
+

1

∆

(
B

(1 − m2)(eαG − b)

1 − e−(αG+α)
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+
(e−αG − e−α)m2e−2α + eαG − e−α

(1 − e−(αG+α))2
+

m2e−α

1 − e−(αG+α)

)}
,

RM
2 =

1 − e−2α

(1 − b2(0))(1 + m2e−2α)

×

{
B

m2e−2α + 2e−(αG+α)

1 − e−(αG+α)
+

1

∆

(
B

(1 − m2)(eαG − b)

1 − e−(αG+α)
m2e−2α

+
(eαG − e−α)m2e−2α + e−αG − e−α

(1 − e−(αG+α))2
+

m2e−α

1 − e−(αG+α)

)}
.

Using the above expressions, the quantity Md is found to be:

Md = g2CF

∫
d4l

(2π)4

∑

µ

κ2
µ

[
cos2 lµ/2

(
(e−α − b)G̃M + RM

0 + RM
1

)

− sin2 lµ/2
(
(e−α − b)G̃M + RM

0 + RM
2

)
+ κµ sin2 lµG̃M

]

×
χl̂2µ + fµµ(l)

fD(l)

(χ2l̂20 +
∑

j l̂2j )
2

. (4.43)

Similarly, in the massless case, the expression for Md
finite reads:

Md
finite = Md(m = 0) − 2g2CF

∫
d4l

(2π)4
4χθ(π2 − (χ2l20 +

∑
j l2j ))

(χ2l20 +
∑

j l2j )
2

(4.44)

Using the definition (4.31), the subtracted part, i.e. Md
log, is given by eq. (B.11) in ap-

pendix B.

Once the values of Id
tad, Md

tad Id
µ(m) and Md(m) (Id

finite,µ and Md
finite in the massless

case) are obtained numerically, eq. (4.32) and eq. (4.33) (eq. (4.34) and eq. (4.35) in the

massless case) then give all the relevant renormalization factors for the chiral fermion mode

to one-loop order.

5. Numerical results for the one-loop calculation

In this section, we present numerical results of our calculation of the fermion propagator

to one-loop. We will present the results for the wave function renormalization for the light

fermions, the mass renormalization for the massive quark and the shift in the parameter

M5 which is important in order to have chiral modes.

5.1 Wave function renormalization for the domain wall fermion

In this section, we concentrate on the wave function renormalization constant associated

with the chiral mode of the domain wall fermion. We will be discussing the massless case

and the massive case separately.

For the massless case, the formula for the wave-function renormalization constant is

(c.f. eq. (4.34)):

Z̃µ = 1 + g2
(
Id
tad,µ + Id

log,µ + Id
finite,µ

)
, (5.1)
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χ = 1 χ = 3 χ = 5

Id
tad,t Id

tad,s Id
tad,t Id

tad,s Id
tad,t Id

tad,s

−0.090487 −0.088871 −0.014293 −0.122173 −0.005399 −0.127386

Table 1: Values of Id
tad,µ for three different values of χ are listed. Due to symmetry, Id

tad,i = Id
tad,s

for i = 1, 2, 3 and Id
tad,0 = Id

tad,t.

Figure 3: The values of Id
finite,µ as a function of M5 for three values of anisotropy χ = 1, 3, 5 at

κs = 1.0, κt = χκs.

where Id
tad,µ comes from tadpole diagram and Id

log,µ while Id
finite,µ designates the logarithmic

divergent and finite part of the half circle diagram, respectively. The quantity Id
log,µ, as

defined in eq. (4.31) and eq. (B.8), can be evaluated analytically. The value of Id
finite,µ is

obtained from eq. (4.40) by numerical integration. Similarly, using eq. (4.39) one finds

the value of Id
µ(m) in the massive case once the bare parameters in the fermion action are

given. The value of Id
tad,µ is obtained by performing the integration appearing in eq. (B.1)

numerically.

In table 1, we have listed the tadpole diagram contributions to Id
tad,µ for several values

of anisotropy. Due to symmetry, we have denoted Id
tad,i = Id

tad,s for i = 1, 2, 3 and Id
tad,0 =

Id
tad,t. The values in table 1 are obtained for χ = 1, 3 and 5. Note that the tadpole

contribution Id
tad,µ only depends on the anisotropy parameter χ and is independent of

other parameters in the fermion action.

For the massless case, the finite part of the half-circle diagram contribution, i.e. Id
finite,µ,

are calculated using numerical integration when the parameters of the theory are fixed. In

figure 3 and figure 4 we have plotted the values of Id
finite,µ as a function of the parameter

M5 for three values of the anisotropy (χ = 1, 3, 5) and two values of κs (κs = 1.0, 0.5).
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Figure 4: Same as in figure 3 but with κs = 0.5.

Since Id
finite,µ always corresponds to the massless case, we have set κt = χκs in these plots.

The infra-red divergent contribution from the half-circle diagram can be obtained from

eq. (B.8) once a infra-red scale is given.

For the massive case, one needs the values of Id
µ(m) which is obtained by numerically

integrating eq. (4.39). The values of Id
µ(m) are shown in figure 5 through figure 8. Similar

to the massless case, the corresponding values of Id
µ(m) are plotted as functions of M5 for

three values of anisotropy: χ = 1, 3, 5 and two values of κs (κs = 1.0, 0.5).

5.2 Mass renormalization for the domain wall fermion

For the mass renormalization factor given by eq. (4.35), we obtain:

Z̃m = 1 + g2(Md
tad + Md

log + Md
finite) , (5.2)

for the massless case and for the massive case we have:

Z̃m = 1 + g2(Md
tad + Md) . (5.3)

For the tadpole contribution Md
tad, using notation (4.38) and setting κs = 1.0, we have

evaluated the tadpole contribution M0
tad for three values of anisotropy and the results are

listed in table 2. The values of M0
tad listed in table 2 are obtained at: κs = 1, M5 = 0.5

with the values of κt being tuned accordingly.

For the half-circle contributions in the massless case, values of Md
finite are presented in

figure 9 and figure 10 where we have shown the values of Md
finite for κs = 1.0 and κs = 0.5,

respectively. In each figure, three values of the anisotropy, namely χ = 1, 3, 5, are taken to

evaluate Md
finite as a function of M5 which is taken to vary between zero and unity.

– 18 –



J
H
E
P
0
8
(
2
0
0
6
)
0
6
0

Figure 5: The values of Id
µ(m) as a function of M5 for three values of anisotropy: χ = 1, 3, 5 at

current quark mass m = 0.3. The parameter κs = 1.0 and the values of κt are adjusted accordingly,

as discussed in section 3.

χ = 1 χ = 3 χ = 5

m = 0.0 −0.357099 −0.409400 −0.409156

m = 0.3 −0.355505 −0.408316 −0.408381

m = 0.5 −0.352263 −0.406204 −0.406878

Table 2: Values of M0

tad
for χ = 1, 3, 5 and m = 0, 0.3, 0.5. The values listed here correspond to

those at κs = 1, M5 = 0.5 and the values of κt are tuned accordingly.

For the massive case, we evaluate Md(m) directly by numerical integration. In

figure 11 and figure 12, we have shown the values of Md(m) as a function of M5 at m = 0.3

and m = 0.5, respectively. We have also taken three values for the anisotropy parameter

in each case.

5.3 Mass shift for the parameter M5 in mean-field theory

At the tree level, it is known that the domain wall fermion preserves chiral properties

only when the parameter M5 is tuned to the right interval ( 0 < M5 < 1 for free domain

wall fermion). Since this parameter enters the action via a five-dimensional mass term,

one expects that it receives substantial additive renormalization. At one-loop level, it is

important to check that, after renormalization effects are taken into account, whether this
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Figure 6: Same as in figure 5 with κs = 0.5 and m = 0.3.

so-called “chiral window” for M5 remains there or not. In the case of isotropic lattices, it

has been shown that the window remains in perturbation theory and one expects chiral

properties of the fermion as long as M5 lies in the right interval. We wish to check this

point for the anisotropic lattices.

In perturbation theory, as expected, the main contribution for the shift of the param-

eter M5 comes from the tadpole diagram. To simplify the analysis, we will only discuss

the shift of M5 due to tadpole diagrams. Within this approximation, one finds that the

parameter M5 is replaced by:

M̃5 = M5 − (κt(1 − Ut) + 3κs(1 − Us)) ≡ M5 − δ(M5) , (5.4)

where the tadpole parameters Ut and Us are given by:

Ut = U0 = 1 − g2CF
1

2

∫ π

−π

d4l

(2π)4
1

(χ2 l̂20 +
∑

j l̂2j )
2
(l̂20χ +

f00

fD
) ,

Us = Ui = 1 − g2CF
1

2

∫ π

−π

d4l

(2π)4
1

(χ2 l̂20 +
∑

j l̂2j )
2
(l̂2i χ +

f ii

fD
) , (5.5)

here g2 and χ are the “boosted” coupling and the “boosted” anisotropy [29] which are

defined as:

g2 =
2Nc

β0
U3

s Ut , χ = χ0
Us

Ut
. (5.6)
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Figure 7: Same as figure 5 with current quark mass parameter m = 0.5 and κs = 1.0.

χ0 = 1 χ0 = 2 χ0 = 3 χ0 = 4 χ0 = 5

Ut 0.889580 0.956099 0.977525 0.986559 0.991122

Us 0.891130 0.861399 0.851613 0.847194 0.844862

δ(M5) 0.437222 0.494908 0.503901 0.504587 0.503253

Table 3: The values of tadpole improvement parameters Ut, Us and corresponding values for δM5

as evaluated from eq. (5.4) at χ0 = 1 to χ0 = 5. The bare gauge coupling is β0 = 3.0 and the

parameter κs = 1.

eq. (5.4) suggests that in perturbation the chiral window remains but it is shifted.

We will only show results at zero current quark mass m = 0 in which case we have:

κt/κs = χ. To get a feeling how large the shift in the parameter M5 can get, we take a

particular value of β0. At first, the values of Ut and Us are set as Ut = Us = 1. By making

use of the formula (5.6), the values of g2 and χ are obtained and can be substituted into

formula (5.5) to obtain a new set of values for Ut and Us. The above procedure is repeated

iteratively until the values of Ut and Us become stable. The ultimate values for Ut and

Us in perturbation theory and the corresponding shift in M5 thus obtained are listed in

table 3 for β0 = 3.0 at five different values of χ0.

Another way to investigate the renormalization of parameter M5 is to use mean-field
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Figure 8: Same as figure 5 with current quark mass parameter m = 0.5 and κs = 0.5.

approximation. In this case, the domain wall fermion action is rewritten as:

[SMF]s,s′ =

(
−b̃(p) + i

∑

µ

κµUµγµ sin pµ

)
δs,s′

+ PRδs+1,s′ + PLδs−1,s′ , (5.7)

where Uµ are pure numbers 3 and b̃(p) is defined as:

b̃(p) = 1 − M5 +
∑

µ

κµ(1 − Uµ cos pµ) . (5.8)

Following similar calculations as for the free domain wall propagator, one can define an

effective mass for the fermion in the mean-field approximation. We will denote this mass

parameter as mF .

In figure 13, we show the effective mass mF of the chiral mode as a function of the

parameter M5 for five values of χ0. For simplicity, we have set κs = 1 in this figure and

the extent in the fifth dimension is taken to be Ls = 10. It is seen from the figure that,

within a certain interval, the chiral window remains for all χ0. This has been checked in

the case of isotropic lattice which roughly corresponds to the red curve in our figure. We

see from the figure that this qualitative feature remains valid in the anisotropic lattice case

3We use the notation: Ut = U0 and Us = Ui for i = 1, 2, 3.
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Figure 9: The values of Md
finite

as a function of M5 are shown for χ = 1, 3 and 5. Other parameters

are: κs = 1, κt = χκs, m = 0.

for almost all values of anisotropy χ0. In fact the shape of the curves is quite insensitive

to the value of χ0, as is seen from the figure. The size of the chiral window remains more

or less unchanged but the starting and ending position is shifted. The results discussed

above suggest that, as long as the parameter M5 is tuned to the right interval, massless

chiral modes are stable against perturbative quantum fluctuations. This result also serves

as a guidance for the choice of the parameters in our future numerical simulations.

We have also investigated the dependence of the chiral window on the size of the fifth

dimension Ls. In figure 14, we have plotted the effective mass of the chiral mode as a

function of M5 at two different values of Ls. The anisotropy parameter is set to χ0 = 5

while all other parameters are kept the same as those in figure 13. It is seen from the figure

that the chiral window for the smaller lattice (Ls = 8) becomes narrower than that of the

larger lattice (Ls = 16), as expected.

6. Conclusions

In this paper we have studied the domain wall fermions on anisotropic four-dimensional

lattices. We have analyzed the free domain wall fermions, showing that the hopping param-

eters have to be tuned according to the current quark mass parameter in order to restore

the correct dispersion relation for the chiral mode of the domain wall fermion. Using lattice

perturbation theory, the domain wall fermion self-energy is calculated to one-loop order.

We obtained the wave-function renormalization constant Z̃µ and the mass renormalization
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Figure 10: Same as figure 9 except that κs = 0.5.

constant Z̃m for the chiral mode. It is also verified that the chiral property of the fermion

remains when quantum corrections are considered. We have also estimated the range for

the parameter M5 in order to maintain a chiral mode.

From our study, it seems that domain wall fermion on anisotropic lattices is applicable

in practical Monte Carlo simulations. The only parameter that has to be tuned is the

hopping parameter κt when other parameters are given. The tuning of this parameter can

be done either perturbatively or non-perturbatively. The non-perturbative tuning requires

the measurement of physical hadron dispersion relations or quark dispersion relations by

Monte Carlo simulations. An exploratory numerical study is now under way and we hope

to come up with some results in the future [20]. Compared with similar situations for the

Wilson fermions, anisotropic lattice domain wall fermion appears to be less complicated

since there is no need to add clover terms (or other dimension five operators) due to better

chiral properties. Of course, this conclusion relies on the fact that the residual mass effects

due to the finite extent of the fifth dimension to be small. We have tried to estimate this

effect with mean-field approximation but this issue definitely should be checked further in

future numerical studies.

It should be straightforward to generalize the results we obtained in this paper to

the overlap fermions on anisotropic lattices. Another topic that is worth studying is the

renormalization factors for quark bilinear operators. The study of these problems are now

under investigation. To summarize, we anticipate the anisotropic domain wall fermions to

be helpful in the study of the heavy-light hadronic systems, exotic hadrons (hybrid) with
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Figure 11: The value of Md as a function of M5 is shown for χ = 1, 3 and 5. Other parameters

are: κs = 1, m = 0.3.

light quarks and light hadron-hadron scattering processes and we hope to come up with

some exploratory numerical results in the future [20].

A. Dispersion relation of free domain wall fermions

In this appendix, we briefly outline the derivation of the dispersion relation for the free

domain wall fermion on anisotropic lattices. The dispersion relation is such that the four-

momentum p = (iEp,p) is a zero of the function:

∆ = (1 + mmr)
2be2αG − (1 − m2)(1 − m2

r)e
αG − (m + mr)

2b . (A.1)

In principle, the parameter mr = e−αGLs also depends on the four-momentum. For the

moment, we assume that the extension in the fifth dimension is large enough such that we

can ignore the momentum dependence of mr in the study of the dispersion relation. This

amounts to taking mr = e−αG(0)Ls . If we denotes:

m1 = (1 + mmr)
2 , m2 = (1 − m2)(1 − m2

r) ,m3 = (m + mr)
2 . (A.2)

Then, the equation for the pole yields:

− p̃2 = M1

[
(1 + b2 + p̃2)2 − 4b2

]
, (A.3)
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Figure 12: The value of Md as a function of M5 is shown for χ = 1, 3 and 5. Other parameters

are: κs = 1, m = 0.5.

where M1 = m1m3/m
2
2. The complete dispersion relation turns out to be quite compli-

cated. But if the lattice three-momentum |p| ¿ 1, we obtain:

Ep = E0 +
p2

2Mkin
+ O(p4) , (A.4)

where E0 will be identified as the pole mass of the quark: E0 = mQ and Mkin is the

so-called kinetic mass. After some calculations, the equation satisfied by E0 = mQ is found

to be: 4

A cosh2 E0 + B cosh E0 + C = 0 (A.5)

where

A = κ2
t − 4κ2

t

[
(b(0) + κt)

2 − 1
]
M1

B = 4(b(0) + κt)κt

[
(b(0) + κt)

2 + κ2
t − 1

]
M1

C = −κ2
t −

[
(b(0) + κt)

4 + 2(b(0) + κt)
2(κ2

t − 1) + (κ2
t + 1)2

]
M1 (A.6)

We can also find out the kinetic mass term with the result:

1

2Mkin
=

dE

d~p2

∣∣∣∣~p=0 =
A1 cosh2 E0 + B1 cosh E0 + C1

(2A cosh E0 + B) sinhE0
(A.7)

4Note that the quantity E0 appearing in this equation is the dimensionless quantity: atE0 = atmQ =

(asmQ)/χ, if we restore the dimension for E0.
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Figure 13: The effective mass of the chiral mode, mF , as a function of the parameter M5 at

m = 0.0, Ls = 10. Five curves with different colors correspond to different values of χ0. The values

of Ut and Us are taken to be those in table 3 at β0 = 3.0.

where

A1 = 4(b(0) + κt)κ
2
t κsM1

B1 = −2
[
3(b(0) + κt)

2 + 2(b(0) + κt)κs + κ2
t − 1

]
κtκsM1

C1 = κ2
s + 2κs

[
(b(0) + κt)

(
(b(0) + κt)

2 + κ2
t − 1

)

+ κs

(
(b(0) + κt)

2 + κ2
t + 1

)]
M1 (A.8)

In order to have the usual energy-momentum dispersion relation, one imposes the condition:

Mkin = mQ which yields the relationship between χ and κt, κs as (restoring the lattice

spacing explicitly):

χ2 =
(2A cosh E0 + B) sinh E0

2(A1 cosh2 E0 + B1 cosh E0 + C1)E0

, (A.9)

where E0 = mQ is obtained by solving eq. (A.5). eq. (A.5) and eq. (A.9) thus establish

the relation among the pole mass mQ, anisotropy χ and the other bare parameters of the

theory for free domain wall fermions on anisotropic lattices.

In the above discussions, we have neglected the momentum dependence of mr =

e−αG(p)Ls . If we keep this momentum dependence, the pole position can be solved nu-

merically. For any given set of parameters, we start with the choice mr = e−αG(0)Ls

and solve for mQ in eq. (A.5). Then the obtained value of E0 = mQ is substituted into

mr = e−αG(iE0,0,0,0)Ls and a new value of E0 is thus obtained by solving eq. (A.5) again.
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Figure 14: The effective mass mF of the chiral mode as a function of M5 for two different values

of Ls. The red and black curve corresponds to Ls = 16 and Ls = 8, respectively. Other parameters

are the same as those in figure 13.

This procedure can be iterated until a stable set of values for mQ and mr = e−αG(imQ ,0,0,0)Ls

is obtained. The figures in the main text are obtained using this method for a given Ls = 8.

B. Some explicit formulae for loop integrals

In this appendix, we list the explicit expressions for various loop integrals which enters the

fermion self-energy discussed in section 4.2.

First, the tadpole contributions Itad,µ and Mtad are given by:

Itad,µ(s, s′) = −g2CF
1

2

∫ π

−π

d4l

(2π)4
1

(χ2l̂20 +
∑

j l̂2j )
2
(l̂2µχ +

fµµ

fD
)δs,s′ ,

Mtad(s, s′) = −g2CF
1

2

∫ π

−π

d4l

(2π)4

∑

µ

κµ

(χ2 l̂20 +
∑

j l̂2j )
2
(l̂2µχ +

fµµ

fD
)δs,s′ . (B.1)

Note that these tadpole contributions are diagonal in the fifth dimension. It is also noted

that Itad,µ and Mtad are independent of the current quark mass parameter m explicitly.

Now comes the formulae for the half-circle diagrams. In massive case, we have:

[I+
µ (m)]s,s′ = g2CF

∫
d4l

(2π)4

{[
1

2
κµ

(
cos lµ(W−GR + W+GL)(s, s′)
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+ κµ sin2 lµ(GL + GR)(s, s′)
)
]

χl̂2µ + fµµ(l)
fD(l)

(χ2 l̂20 +
∑

j l̂2j )
2

+

[(
1

2
κµ(W−GR + W+GL) − 2κ2

µ cos2 lµ/2GL

)
(s, s′) ×

(
4(χ2)δµ0

χ2 l̂20 +
∑

j l̂2j
(χl̂2µ +

fµµ(l)

fD(l)
) − 2χ −

fµ
µ (l)

fD(l)
+

fD
µ (l)fµµ(l)

f2
D(l)

)

− 2χκ2
µ

(
sin2 lµ/2GR + cos2 lµ/2GL

)
(s, s′)

+
∑

ν

κ2
ν

(
sin2 lν/2GR + cos2 lν/2GL

)
(s, s′)

×

(
4(χ2)δµ0

χ2 l̂20 +
∑

j l̂2j
(χl̂2ν +

f νν(l)

fD(l)
) −

f ν
µ(l)

fD(l)
+

fD
µ (l)f νν(l)

f2
D(l)

)]

×
sin2 lµ

(χ2 l̂20 +
∑

j l̂2j )
2

}
(B.2)

[I−µ (m)]s,s′ = g2CF

∫
d4l

(2π)4

{[
1

2
κµ

(
cos lµ(W−GR + W+GL)(s, s′)

+ κµ sin2 lµ(GL + GR)(s, s′)
)
]

χl̂2µ + fµµ(l)
fD(l)

(χ2 l̂20 +
∑

j l̂2j )
2

+

[(
1

2
κµ(W−GR + W+GL) − 2κ2

µ cos2 lµ/2GR

)
(s, s′)

×

(
4(χ2)δµ0

χ2 l̂20 +
∑

j l̂2j
(χl̂2µ +

fµµ(l)

fD(l)
) − 2χ −

fµ
µ (l)

fD(l)
+

fD
µ (l)fµµ(l)

f2
D(l)

)

− 2χκ2
µ

(
sin2 lµ/2GL + cos2 lµ/2GR

)
(s, s′)

+
∑

ν

κ2
ν

(
sin2 lν/2GL + cos2 lν/2GR

)
(s, s′)

×

(
4(χ2)δµ0

χ2 l̂20 +
∑

j l̂2j
(χl̂2ν +

f νν(l)

fD(l)
) −

f ν
µ(l)

fD(l)
+

fD
µ (l)f νν(l)

f2
D(l)

)]

×
sin2 lµ

(χ2 l̂20 +
∑

j l̂2j )
2

}
(B.3)

[M+(m)]s,s′ = g2CF

∫
d4l

(2π)4

∑

µ

κ2
µ

[
cos2 lµ/2(W+GL)(s, s′)

− sin2 lµ/2(W−GR)(s, s′) +
1

2
κµ sin2 lµ(GL + GR)(s, s′)

]

×
χl̂2µ + fµµ(l)

fD(l)

(χ2 l̂20 +
∑

j l̂2j )
2

(B.4)
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[M−(m)]s,s′ = g2CF

∫
d4l

(2π)4

∑

µ

κ2
µ

[
cos2 lµ/2(W−GR)(s, s′)

− sin2 lµ/2(W+GL)(s, s′) +
1

2
κµ sin2 lµ(GL + GR)(s, s′)

]

×
χl̂2µ + fµµ(l)

fD(l)

(χ2 l̂20 +
∑

j l̂2j )
2

, (B.5)

where we have used the following notations:

f ν
µ(l) = −

∂fµµ(p − l)

sin lµ∂pµ

∣∣∣∣∣
p=0

, fD
µ (l) = −

∂fD(p − l)

sin lµ∂pµ

∣∣∣∣∣
p=0

. (B.6)

It’s easy to verify that M±(m) is proportional to mP = (1−b2(0))m. Thus, we may define:

[M±(m)]s,s′ = (1 − b2(0))m[M±
0 (m)]s,s′ (B.7)

In massless case:

I±log,µ(s, s′) =
1

16π2
g2CF (C±)s,s′

(
ln(π2) + 1 − ln(p̃2) + ln κ2

s

)
(B.8)

I+
finite,µ(s, s′) = [I+

µ (m = 0)]s,s′ − g2CF (C+)s,s′

×

∫
d4l

(2π)4
4χ(χ2)δµ0 l2µθ(π2 − (χ2l20 +

∑
j l2j ))

(χ2l20 +
∑

j l2j )
3

(B.9)

I−finite,µ(s, s′) = [I−µ (m = 0)]s,s′ − g2CF (C−)s,s′

×

∫
d4l

(2π)4
4χ(χ2)δµ0 l2µθ(π2 − (χ2l20 +

∑
j l2j ))

(χ2l20 +
∑

j l2j )
3

(B.10)

M±
log(s, s

′) =
1

4π2
g2CF (CM

± )s,s′
(
ln(π2) + 1 − ln(p̃2) + ln κ2

s

)
(B.11)

M+
finite(s, s

′) = mP

{
[M+

0 (m = 0)]s,s′

− g2CF
(CM

+ )s,s′

mP

∫
d4l

(2π)4
4χθ(π2 − (χ2l20 +

∑
j l2j ))

(χ2l20 +
∑

j l2j )
2

}
(B.12)

M−
finite(s, s

′) = mP

{
[M−

0 (m = 0)]s,s′

− g2CF
(CM

− )s,s′

mP

∫
d4l

(2π)4
4χθ(π2 − (χ2l20 +

∑
j l2j ))

(χ2l20 +
∑

j l2j )
2

}
(B.13)

where (CM
± )s,s′ are given by:

(CM
+ )s,s′ = (1 − b2(0))m

[
δs,Ls−1e

−α0s′

+ b(0)

(
∑

t

W+(0)s,te
−α0(Ls−1−t+s′)

)]
, (B.14)

(CM
− )s,s′ = (1 − b2(0))m

[
δs,0e

−α0(Ls−1−s′)
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+ b(0)

(
∑

t

W−(0)s,te
−α0(Ls−1+t−s′)

)]
. (B.15)

References

[1] D.B. Kaplan, A method for simulating chiral fermions on the lattice, Phys. Lett. B 288

(1992) 342 [hep-lat/9206013].

[2] Y. Shamir, Chiral fermions from lattice boundaries, Nucl. Phys. B 406 (1993) 90

[hep-lat/9303005].

[3] R. Narayanan and H. Neuberger, Chiral fermions on the lattice, Phys. Rev. Lett. 71 (1993)

3251 [hep-lat/9308011].

[4] R. Narayanan and H. Neuberger, Chiral determinant as an overlap of two vacua, Nucl. Phys.

B 412 (1994) 574 [hep-lat/9307006].

[5] H. Neuberger, Vector like gauge theories with almost massless fermions on the lattice, Phys.

Rev. D 57 (1998) 5417 [hep-lat/9710089].

[6] H. Neuberger, Exactly massless quarks on the lattice, Phys. Lett. B 417 (1998) 141

[hep-lat/9707022].

[7] C.J. Morningstar and M.J. Peardon, The glueball spectrum from an anisotropic lattice study,

Phys. Rev. D 60 (1999) 034509 [hep-lat/9901004].

[8] C. Liu, Chinese Physics Letter 18 (2001) 187.

[9] P. Chen, Heavy quarks on anisotropic lattices: the charmonium spectrum, Phys. Rev. D 64

(2001) 034509 [hep-lat/0006019].

[10] CP-PACS collaboration, M. Okamoto et al., Charmonium spectrum from quenched

anisotropic lattice QCD, Phys. Rev. D 65 (2002) 094508 [hep-lat/0112020].

[11] ALPHA collaboration, A. Juttner and J. Rolf, A precise determination of the decay constant

of the D/S-meson in quenched QCD, Phys. Lett. B 560 (2003) 59 [hep-lat/0302016].

[12] R. Lewis, N. Mathur and R.M. Woloshyn, Charmed baryons in lattice QCD, Phys. Rev. D 64

(2001) 094509 [hep-ph/0107037].

[13] C. Liu, J.H. Zhang, Y. Chen and J.P. Ma, Calculating the i = 2 pion scattering length using

tadpole improved clover wilson action on coarse anisotropic lattices, Nucl. Phys. B 624

(2002) 360 [hep-lat/0109020].

[14] G.-W. Meng, C. Miao, X.-N. Du and C. Liu, Lattice study on kaon nucleon scattering length

in the i = 1 channel, Int. J. Mod. Phys. A 19 (2004) 4401 [hep-lat/0309048].

[15] C. Miao, X.-I. Du, G.-W. Meng and C. Liu, Lattice study on kaon pion scattering length in

the i = 3/2 channel, Phys. Lett. B 595 (2004) 400 [hep-lat/0403028].

[16] X. Du, G.-w. Meng, C. Miao and C. Liu, i = 2 pion scattering length with improved actions

on anisotropic lattices, Int. J. Mod. Phys. A 19 (2004) 5609 [hep-lat/0404017].

[17] H. Lin, S. Ohta, and N. Yamada. PoS LAT2005, page 96, 2005.

[18] NPLQCD collaboration, S.R. Beane, P.F. Bedaque, K. Orginos and M.J. Savage, i = 2ππ

scattering from fully-dynamical mixed-action lattice QCD, Phys. Rev. D 73 (2006) 054503

[hep-lat/0506013].

– 31 –

http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB288%2C342
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB288%2C342
http://arxiv.org/abs/hep-lat/9206013
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB406%2C90
http://arxiv.org/abs/hep-lat/9303005
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C71%2C3251
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C71%2C3251
http://arxiv.org/abs/hep-lat/9308011
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB412%2C574
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB412%2C574
http://arxiv.org/abs/hep-lat/9307006
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD57%2C5417
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD57%2C5417
http://arxiv.org/abs/hep-lat/9710089
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB417%2C141
http://arxiv.org/abs/hep-lat/9707022
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD60%2C034509
http://arxiv.org/abs/hep-lat/9901004
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD64%2C034509
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD64%2C034509
http://arxiv.org/abs/hep-lat/0006019
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD65%2C094508
http://arxiv.org/abs/hep-lat/0112020
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB560%2C59
http://arxiv.org/abs/hep-lat/0302016
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD64%2C094509
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD64%2C094509
http://arxiv.org/abs/hep-ph/0107037
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB624%2C360
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB624%2C360
http://arxiv.org/abs/hep-lat/0109020
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IMPAE%2CA19%2C4401
http://arxiv.org/abs/hep-lat/0309048
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB595%2C400
http://arxiv.org/abs/hep-lat/0403028
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IMPAE%2CA19%2C5609
http://arxiv.org/abs/hep-lat/0404017
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD73%2C054503
http://arxiv.org/abs/hep-lat/0506013


J
H
E
P
0
8
(
2
0
0
6
)
0
6
0

[19] C.J. Morningstar and M.J. Peardon, Efficient glueball simulations on anisotropic lattices,

Phys. Rev. D 56 (1997) 4043 [hep-lat/9704011].

[20] C. Liu et al., work in progress.

[21] Y. Kikukawa, H. Neuberger and A. Yamada, Exponential suppression of radiatively induced

mass in the truncated overlap, Nucl. Phys. B 526 (1998) 572 [hep-lat/9712022].

[22] S. Aoki and Y. Taniguchi, One loop calculation in lattice QCD with domain-wall quarks,

Phys. Rev. D 59 (1999) 054510 [hep-lat/9711004].

[23] C. Liu, Communications in theoretical physics 35 (2001) 288.

[24] C. Liu, in Proceedings of international workshop on nonperturbative methods and lattice

QCD, World Scientific, Singapore, 2001, page 57.

[25] C. Liu and J. P. Ma. in Proceedings of international workshop on nonperturbative methods

and lattice QCD, World Scientific, Singapore, 2001, page 65.

[26] C. Liu. Nucl. Phys. (Proc. Suppl.) B 94 (2001) 255.

[27] Y. Shamir, The euclidean spectrum of Kaplan’s lattice chiral fermions, Phys. Lett. B 305

(1993) 357 [hep-lat/9212010].

[28] S. Groote and J. Shigemitsu, One-loop self energy and renormalization of the speed of light

for some anisotropic improved quark actions, Phys. Rev. D 62 (2000) 014508

[hep-lat/0001021].

[29] I.T. Drummond, A. Hart, R.R. Horgan and L.C. Storoni, One loop calculation of the

renormalised anisotropy for improved anisotropic gluon actions on a lattice, Phys. Rev. D 66

(2002) 094509 [hep-lat/0208010].

– 32 –

http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD56%2C4043
http://arxiv.org/abs/hep-lat/9704011
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB526%2C572
http://arxiv.org/abs/hep-lat/9712022
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD59%2C054510
http://arxiv.org/abs/hep-lat/9711004
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB305%2C357
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB305%2C357
http://arxiv.org/abs/hep-lat/9212010
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD62%2C014508
http://arxiv.org/abs/hep-lat/0001021
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD66%2C094509
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD66%2C094509
http://arxiv.org/abs/hep-lat/0208010

